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Abstract
In a recent paper, B. Külshammer, J.B. Olsson and G.R. Robinson introduced notions of gen-
eralized blocks and generalized perfect isometries, and studied them in the case of the symmetric
group Sn. It is the purpose of this paper to investigate some families of groups of Lie rank one, ex-
hibiting generalized perfect isometries where there are none in the sense given by M. Broué, and thus
proving a (weaker) analogue of one of Broué’s conjectures in these cases.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
For the definitions we give in this introduction, we refer to Külshammer, Olsson and
Robinson [10].
1.1. Generalized blocks
Let G be a finite group, and C be a union of conjugacy classes of G. We say that C
is closed if the following is true: for any x ∈ C, whenever y is an element of G which
generates the same subgroup as x, then y ∈ C. Now let us fix a closed set C of conjugacy
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of G. For any complex class function ϕ of G, we define ϕC to be the class function of G
which agrees with ϕ on C and vanishes outside C.
Two characters χ,ψ ∈ Irr(G) are said to be directly C-linked if
〈χ,ψ〉C := 1|G|
∑
x∈C
χ(x)ψ(x) = 0.
If 〈χ,ψ〉C = 0, χ and ψ are said to be orthogonal across C. We call 〈χ,ψ〉C the
C-contribution associated to χ and ψ . Direct C-linking is a symmetric and reflexive (since
1 ∈ C) binary relation on Irr(G). Extending it by transitivity to an equivalence relation, we
obtain a partition of Irr(G) into C-blocks.
Note that if we take C to be the set of p-regular elements of G (p a prime), then the
C-blocks of G are just its p-blocks. In [10], B. Külshammer, J.B. Olsson and G.R. Robin-
son have defined -blocks for the symmetric groups, for  an arbitrary integer, and proved
an -analogue of the Nakayama conjecture. In this article, we will take C to be the set of
pk-regular elements of G, where k  1 and g ∈ G is said to be pk-regular if its order is not
divisible by pk , and pk-singular otherwise. Note that, then, C is a union of p-sections of G,
so that, by Brauer’s second main theorem, two characters belonging to distinct p-blocks
of G are orthogonal across C (since they are orthogonal across each p-section). Thus any
p-block of G is a union of pk-blocks.
1.2. Perfect isometries
We find in [10] a definition of perfect isometry which generalizes the context from
p-blocks to C-blocks, but which, when specialized again to p-blocks is a bit weaker than
the definition of M. Broué (see Broué [1]).
Broué’s definition goes as follows: we let G and H be two finite groups, (K,O, k)
be a p-modular system large enough for both G and H , e and f be central idempotents
of OG and OH , respectively, and we set A = OGe and B = OHf . To any generalized
character μ of G×H (written μ ∈ Z Irr(K(G × H))), we can associate a linear map
Iμ : Z Irr(KH) → Z Irr(KG) by letting, for ζ ∈ Irr(KH) and g ∈ G,
Iμ(ζ )(g) = 1|H |
∑
h∈H
μ
(
g,h−1
)
ζ(h).
Definition 1.1. (see Broué [1]) A generalized character μ of G × H , is perfect if the
following two conditions are satisfied:
(per. 1) For all g ∈ G, h ∈ H , |CG(g)|p and |CH(h)|p divide μ(g,h).
(per. 2) If μ(g,h) = 0, then g and h are either both p-regular, or both p-singular.
If furthermore the map Iμ defined by μ induces a bijective isometry between Z Irr(KB)
and Z Irr(KA), then Iμ is said to be a perfect isometry between B and A, and B and A are
said to be perfectly isometric.
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Theorem 1.1. Suppose that, with the notations above, B and A are perfectly isometric
via Iμ. Then:
(i) Iμ defines a bijection between primitive idempotents of the centers Z(KHf ) and
Z(KGe), which, in turn, induces an algebra isomorphism between Z(OHf ) and
Z(OGe).
(ii) Iμ induces a bijection between the blocks of H and G associated to f and e, respec-
tively, which preserves the defect and number of ordinary irreducible characters, the
number of modular irreducible characters, the height of ordinary irreducible charac-
ters, and the elementary divisors of the Cartan matrix.
In particular, under the same hypotheses, there exist a bijection I : Irr(B) → Irr(A), and
signs {ε(ζ ), ζ ∈ Irr(B)} such that, for all ζ ∈ Irr(B), Iμ(ζ ) = ε(ζ )I (ζ ).
We now turn to the definition introduced in [10]. If G and H are finite groups, C and D
are closed unions of conjugacy classes of G and H , respectively, and if b (respectively b′)
is a union of C-blocks of G (respectively D-blocks of H ), then we say that there is a
generalized perfect isometry between b and b′ (with respect to C and D) if there exists
a bijection with signs between b and b′, which furthermore preserves contributions; i.e.,
there exists a bijection I :b 	→ b′ such that, f or each χ ∈ b, there is a sign ε(χ), and such
that
∀χ,ψ ∈ b, 〈I (χ), I (ψ)〉D =
〈
ε(χ)χ, ε(ψ)ψ
〉
C .
Note that this is equivalent to 〈I (χ), I (ψ)〉D′ = 〈ε(χ)χ, ε(ψ)ψ〉C′ , where C′ = G \ C and
D′ = H \D.
We define R(C, b) to be the Z-submodule of the space of complex class functions of G
generated by {χC, χ ∈ Irr(b)}, and P(C, b) to be the Z-submodule of R(C, b) consisting
of generalized characters. The fact that C is closed implies that R(C, b) and P(C, b) have
the same Z-rank (see [10]). Given a Z-basis {ϕ1, . . . , ϕs} for P(C, b), we let C(b) be the
s × s matrix with (i, j)-entry 〈ϕi,ϕj 〉C , and call C(b) the Cartan matrix of b. A different
choice of Z-basis for P(C, b) leads to a Cartan matrix with the same elementary divisors.
We define similarly R(D, b′), P(D, b′) and C(b′). We then have the following (see [10]):
Theorem 1.2. With the above notations, if there is a generalized perfect isometry between
b and b′ with respect to C and D, then the Abelian groups R(C, b) and R(D, b′) are
isomorphic via an isomorphism which restricts to an isomorphism between P(C, b) and
P(D, b′). With suitable choice of Z-bases, the Cartan matrices C(b) and C(b′) are equal.
In particular, we see that, if C (respectively D) is the set of p-regular elements of G
(respectively H ), then such a perfect isometry induces a bijection between the p-blocks
in b and b′, which preserves the numbers of ordinary irreducible characters and modular
irreducible characters, and the elementary divisors of the Cartan matrix. However, with this
more general definition, one does not get the algebra isomorphism of Theorem 1.1(i).
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deeper equivalences conjectured by Broué) states that, if G is a finite group with Abelian
Sylow p-subgroup U , and if B = NG(U) is the normalizer of U in G, then the principal
p-blocks of B and G are perfectly isometric (in Broué’s sense).
This conjecture does not apply to groups of Lie rank one when p is the defining char-
acteristic, for then the Sylow p-subgroups are not Abelian. Furthermore, it is shown in [4]
that, if G is a Suzuki group, then there is not any perfect isometry between the principal
2-blocks of B and G. This was the starting point of this work. In this article, we show
that, in the case of Suzuki groups and in two other (and quite similar) families, there is a
generalized perfect isometry between the principal p-blocks of B and G, with respect to
p2-regular (or p2-singular) elements.
The first section deals with special unitary groups SU(3, q2), the second with Suzuki
groups Sz(q), and the third with Ree groups (of type G2) Re(q).
1.3. Some notations and results
In all the sequel, we will use the following notations.
If G is a finite group, H  G a subgroup of G, and x ∈ G, then CG(x) (respec-
tively CG(H)) is the centralizer of x (respectively H ) in G, ClG(x) is the conjugacy class
of x in G, ClG(H) is the set of the conjugacy classes in G of the elements of H , NG(H) is
the normalizer of H in G. If p is a prime, Op(G) is the largest normal p-subgroup of G.
If χ and ψ are complex class functions of G and H , respectively, then IndGH (ψ) and
ResGH (χ) are the class function induced from H to G by ψ and the restriction from G
to H of χ , respectively. We will also write ResGH (χ) = χ |H . For χ and ϕ complex class
functions of G, 〈χ,ϕ〉G denotes the scalar product: 〈χ,ϕ〉G = 1|G|
∑
x∈G χ(x)ϕ(x). For
x ∈ G, we will sometimes write ◦(x) for the order of x.
In the last two families of groups we are studying, we will use two theorems concerning
p-blocks. The first, due to Green, states that any defect group of a p-block of a (finite)
group G is the intersection of two Sylow p-subgroups of G (see, e.g., [9, Corollary 4.21]).
An immediate consequence of this is that, if the Sylow p-subgroups of G have trivial
intersection, then any p-block of G has either maximal defect or defect 0. The second
result, proved by Fong in the case of p-solvable groups (see, e.g., Isaacs [8, Problem 4.9]),
but which still holds in general, states that, if a finite group G is such that CG(Op(G))
Op(G), then G has exactly one p-block.
2. The case of SU(3, q2)
In this section, we denote by G = SU(3, q2) the 3-dimensional special unitary group
on Fq2 , where q = pn for some prime p and n 1. We write d = gcd(3, q + 1). Then the
center Z(G) of G is cyclic of order d . The order of G is |G| = q3(q + 1)2(q − 1)(q2 −
q + 1). We consider U a Sylow 2-subgroup of G and its normalizer B = NG(U), which
is the semi-direct product of U with a cyclic group H of order q2 − 1. We have |U | = q3
and |B| = q3(q2 − 1). For a complete description of G and B , their conjugacy classes and
ordinary and modular characters, we refer to Geck [7], whose notations are now in force.
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Using the parametrization of conjugacy classes of G and B given in Geck [7], we see
that, unless p = 2, there is no element of order divisible by p2 in G. As a consequence,
if p = 2, then every element of G is p2-regular, so that the scalar product on p2-regular
elements is just the ordinary scalar product, and there exists a generalized perfect isometry
between the principal p-blocks B0 and b0 of G and B with respect to p2-regular elements
if and only if there exists a bijection between B0 and b0 (and any bijection will then give a
generalized perfect isometry).
We find in [7] that G has q2 + q + 1 + d2 conjugacy classes and that B has q2 +
q + d conjugacy classes. Furthermore, if p = 2, then G has d2 classes of elements of order
divisible by 4, written C(k,l)3 , 0 k, l  d − 1, which have length 1d q(q2 − 1)(q3 + 1) and
whose elements have order 4 if k = 0 and 4d otherwise. If p = 2, then B has d2 classes
of elements of order divisible by 4, written B(k,l)3 , 0 k, l  d − 1, which have length
1
d
q(q2 − 1) and which fuse in the C(k,l)3 ’s into G.
2.2. Irreducible characters, principal blocks
The irreducible characters of G can be listed as follows. (The index used in the notation
for a character indicates its degree; characters of the same degree are then parametrized
by parameters u and v. Note that for characters of degree q3 + 1 and (q + 1)2(q − 1),
different choices of parameters can yield the same character (cf. [7]); we therefore indicate
the number of characters in these families.):
χ1, χq2−q, χq3 ,
{
χ
(u)
q2−q+1, χ
(u)
q(q2−q+1); 1 u q
}
,
{
χ
(u,v)
(q−1)(q2−q+1); 1 u (q + 1)/3, u < v < 2(q + 1)/3
}
,
{
χ
(u)
q3+1; 1 u q2 − 1q − 1  u
} (
(q + 1)(q − 2)/2 characters),
{
χ
(u)
(q+1)2(q−1); 0 u q2 − qq2 − q + 1  u
} (
(q2 − q + 1 − d)/3 characters),
and, if d = 3, we have in addition
{
χ
(u)
(q−1)(q2−q+1)/3; 0 u 2
}
and
{
χ
(u,v)
(q+1)2(q−1)/3; 0 u 2, v = 1,2
}
.
The irreducible characters of B can be listed as follows:
{
θ
(u)
1 ; 0 u q2 − 2
}
,
{
θ
(u)
q(q−1); 0 u q
}
, {θq2−1} (only if d = 1),
and
{
θ
(u,v)
(q2−1)/3; 0 u, v  2
} (only if d = 3).
We now compute the principal 2-blocks B0 and b0 of G and B , respectively. We use
the fact that two (complex) irreducible characters belong to the same p-block if and only
if the associated central characters are the same when reduced to a field of characteristic p
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ωχ :Z(CG) → C is defined by: if C is a conjugacy class of G, xC ∈ C and Cˆ =∑x∈C x,
then
ωχ(Cˆ) = |C|χ(xC)
χ(1)
.
The principal blocks B0 and b0 can thus be computed directly from the character tables of
G and B found in [7]. We finally obtain:
• If d = 1, then b0 = Irr(B) and B0 = Irr(G) \ {χq3}, so that |b0| = |B0| = q2 + q + 1.
• If d = 3, then b0 = {θ(u)1 ; 3 | u} ∪ {θ(u)q(q−1); 3 | u} ∪ {θ(0,v)(q2−1)/3} and
B0 = {χ1, χq2−q} ∪
{
χ
(u)
q2−q+1, χ
(u)
q(q2−q+1); 3 | u
}∪ {χ(u)
q3+1; 3 | u
}
∪ {χ(u,v)
(q−1)(q2−q+1); 3 | u+ v
}∪ {χ(u)
(q+1)2(q−1); 3 | u
}∪ {χ(u)
(q−1)(q2−q+1)/3
}
and it can be verified, using the fact that q ≡ −1 (mod 3), that, if d = 3, then |b0| =
|B0| = q q+13 + 3.
We thus notice that |B0| = |b0|, independently of d . In particular, if p = 2, then there is
a generalized perfect isometry between B0 and b0 with respect to p2-regular elements. In
the rest of this section, we will therefore only consider the case p = 2.
2.3. A generalized perfect isometry
We start by observing that the number of conjugacy classes of elements of order di-
visible by 4 is the same in G and B . Moreover, if x ∈ B is such an element, then
|CG(x)| = |CB(x)| = dq2. As a consequence, if we can find a bijection with signs between
B0 and b0 which furthermore preserves the values of characters on 4-singular elements,
then it will also preserve contributions, and thus will be a generalized perfect isometry
between B0 and b0 with respect to 4-singular elements (or 4-regular elements).
If d = 1, we have the following fragment of the character table of B:
θ
(u)
q(q−1), 0 u q θ
(u)
1 , 0 u q2 − 2 θq2−1
B
(0,0)
3 0 1 −1
and the corresponding fragment for G:
χq2−q χ
(u)
q(q2−q+1)
1 u q
χ
(u)
q2−q+1
1 u q
χ
(u,v)
(q−1)(q2−q+1)
1 u (q + 1)/3
u < v < 2(q + 1)/3
C
(0,0)
3 0 0 1 −1
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(u)
q3+1
1 u q2 − 1
q − 1  u
χ
(u)
(q+1)2(q−1)
0 u q2 − q
q2 − q + 1  u
χ1
C
(0,0)
3 1 −1 1
In view of the remark above, we can see that there is a generalized perfect isometry
between b0 and B0. Indeed, listing the irreducible characters of b0 and B0 in the same
order as in the above tables, and relabeling them so that Irr(b0) = {Θ1, . . . ,Θq2+q+1} and
Irr(B0) = {X1, . . . ,Xq2+q+1}, then a generalized perfect isometry between b0 and B0 is
given by
I :Θi 	→ εiXi, i = 1, . . . , q2 + q + 1,
where εi = −1 if Xi has degree (q − 1)(q2 − q + 1), (q + 1)2(q − 1) or 1, and εi = 1
otherwise.
If d = 3, we have the following fragment of the character table of B:
θ
(u)
q(q−1)
0 u q,3 | u
θ
(u)
1
0 u q2 − 2,3 | u
θ
(0,v)
(q2−1)/3
0 v  2
B
(k,l)
3
0 k, l  2
0 1 qδvl − q+13
and the corresponding fragment for G:
χq2−q χ
(u)
q(q2−q+1)
1 u q
3 | u
χ1 χ
(u)
q2−q+1
1 u q
3 | u
χ
(u,v)
(q−1)(q2−q+1)
1 u (q + 1)/3
u < v < 2(q + 1)/3
3 | (u+ v)
C
(k,l)
3
0 k, l  2
0 0 1 1 −1
χ
(u)
q3+1
1 u q2 − 1
q − 1  u
3 | u
χ
(u)
(q+1)2(q−1)
0 u q2 − q
q2 − q + 1  u
3 | u
χ
(u)
(q−1)(q2−q+1)/3
0 u 2
C
(k,l)
3
0 k, l  2
1 −1 qδlu − q+13
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4-regular elements): listing the irreducible characters of b0 and B0 in the same order as
in the above tables, and re-labeling them so that Irr(b0) = {Θ1, . . . ,Θq(q+1)/3+3} and
Irr(B0) = {X1, . . . ,Xq(q+1)/3+3}, then we have the following generalized perfect isome-
try between b0 and B0
I :Θi 	→ εiXi, i = 1, . . . , q(q + 1)/3 + 3,
where εi = −1 if Xi has degree (q − 1)(q2 − q + 1) or (q + 1)2(q − 1), and εi = 1
otherwise.
3. The case of Suzuki groups
In this section, we let G = Sz(q) be a Suzuki group, where q = 22n+1 for some n 1,
U a Sylow 2-subgroup of G, and B = NG(U). We write r2 = 2q (r ∈ N).
3.1. Conjugacy classes
The conjugacy classes of G can be found in Burkhardt [2]. We have |G| =
q2(q − 1)(q2 + 1), and G has q + 3 conjugacy classes. There are two conjugacy
classes of elements of order 4, with representatives f and f−1, and we have |CG(f )| =
|CG(f−1)| = 2q .
For the following facts about the structure of B and references for proofs, we refer to
Cliff [4].
We have |U | = q2, and B = NG(U) is a semi-direct product of U by a cyclic group A of
order q − 1. U is a TI (trivial intersection) set in G with respect to B , and B is a Frobenius
group of order q2(q − 1) (U is the Frobenius kernel and A is the Frobenius complement).
Letting C be the center of U , we have C ∼= U/C ∼= (GF(q),+). There are q + 2 conjugacy
classes in B , two of which consist of elements of order 4, and have representatives ρ and
ρ−1, where ρ ∈ U \C. We have |CB(ρ)| = |CB(ρ−1)| = 2q .
3.2. A generalized perfect isometry
We want to show that there exists a generalized perfect isometry with respect to elements
of order (divisible by) 4 between the principal 2-blocks B0 and b0 of G and B , respectively.
First note that, if x ∈ B has order 4, then x ∈ U and CB(x) U , so that CB(U)U .
Since U is the largest normal 2-subgroup of B , this implies that B has only one 2-block,
i.e., b0 = Irr(B). Furthermore, the fact that U is a TI set with respect to B implies that the
2-blocks of G have either full defect or defect 0. Since B has only one 2-block, Brauer’s
first main theorem implies that G has exactly one block of full defect, B0, and any other
block has defect 0. Using the notations of Burkhardt [2], we see that G has exactly one
character of defect 0, written Π , and thus B0 = Irr(G) \ {Π}.
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characters in B0):
1 f f−1
1G 1 1 1
Ωs, 1 s  q−22 q2 + 1 1 1
Θl, 1 l  q+r4 (q − r + 1)(q − 1) −1 −1
Λu, 1 u q−r4 (q + r + 1)(q − 1) −1 −1
Γ1 (q − 1)2n 2ni −2ni
Γ2 (q − 1)2n −2ni 2ni
(Note that |B0| = q + 2 = |Irr(B)| = |b0|.)
The irreducible characters of B and their values on elements of order 4 have been com-
puted by Suzuki in [11]. There are q − 1 linear characters, 1B , ϕ2, . . . , ϕq−1, arising from
the semi-direct product structure of B , and thus having U in their kernel, and three nonlin-
ear characters, μ1, μ2 and μ3 = μ2, of respective degree q − 1, (q − 1)2n and (q − 1)2n,
and not having U in their kernel. We take from Suzuki [11] the following fragment of the
character table of B:
1 ρ ρ−1
1B 1 1 1
ϕk, 2 k  q − 1 1 1 1
μ1 (q − 1) −1 −1
μ2 (q − 1)2n 2ni −2ni
μ3 = μ2 (q − 1)2n −2ni 2ni
Finally, note that, if x ∈ B has order 4, then CG(x) = CB(x), so that, as in the previous
section, if a bijection with signs between B0 and b0 preserves the value on 4-elements, it
will also preserve contributions. We then see from the two tables above that such a bijection
exists; one can consider, for example,
I :
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1G 	→ 1B, Λ1 	→ −ϕ(3q+r)/4+1,
Ω1 	→ ϕ2,
...
...
...
...
...
... Λ(q−r)/4−1 	→ −ϕq−1,
Ω(q−2)/2 	→ ϕq/2, Λ(q−r)/4 	→ μ1,
Θ1 	→ −ϕq/2+1, Γ1 	→ μ2,
...
...
... Γ2 	→ μ3.
Θ(q+r)/4 	→ −ϕ(3q+r)/4,
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In this section, we consider G = Re(q) = 2G2(q) a Ree group, where q = 32m+1, for
some m ∈ N. We consider U a Sylow 3-subgroup of G and B = NG(U).
4.1. The groups G, B and U
The group G is a twisted group of Lie type G2, simple if m  1, and a descrip-
tion based on a root system of type G2 can be found in Carter [3]. In particular, we
find in [3] that |G| = q3(q − 1)(q3 + 1), so that |U | = q3. Moreover, U can be written
U = {x(t, u, v); t, u, v ∈ Fq}, with multiplication given by
x(t1, u1, v1)x(t2, u2, v2) = x
(
t1 + t2, u1 + u2 − t1t3θ2 , v1 + v2 − t2u1 + t1t3θ+12 − t21 t3θ2
)
where θ is the automorphism of Fq given by λθ = λ3m for all λ ∈ Fq (and thus 3θ2 = 1).
We will sometimes write (abusively) θ = 3m.
There exists a subgroup H of B such that B = UH , |H | = q − 1, H can be written
H = {h(w), w ∈ F×q } and conjugation of U by H is given by: for any t, u, v,w ∈ Fq ,
w = 0,
h(w)x(t, u, v)h(w)−1 = x(w2−3θ t,w3θ−1u,wv).
We find some other structure results about Ree groups in Ward [12]. There can be found
the following:
Theorem 4.1. U is disjoint from its conjugates. Its center Z(U) is elementary Abelian of
order q . U is of class 3 and contains a normal Abelian subgroup U ′ of order q2 containing
Z(U) which is both the derived group and the Frattini subgroup of U .
The members of U \U ′ have order 9, their cubes forming Z(U) \ {1}.
B = NG(U) = UH and H is cyclic of order q − 1.
The character table of G is also given in this article. G has q+8 conjugacy classes, with
representatives 1, Ra = 1 for some R of order (q − 1)/2 which is prime to 3, Sa = 1 for
some S of order (q + 1)/4 which is prime to 3, V and W of order dividing, respectively,
q + 1 − 3m+1 and q + 1 + 3m+1 (the orders of their centralizers, cf. Ward [12, p. 85])
which are prime to 3, X, T and T −1 of order 3 (X ∈ Z(U) and T ,T −1 ∈ U \ Z(U), cf.
[12, pp. 78–80]), Y , YT and YT −1 of order 9 (cf. [12, p. 82]), J of order 2, JT and JT −1
which belong to groups whose order has 3-valuation 1 (cf. [12, p. 83]) so which order is not
divisible by 9, and JRA = J and JSa = J of respective orders o(J ).o(Ra) and o(J ).o(Sa)
which are not divisible by 3.
Note that, following Carter, we write q = 32m+1, while Ward writes q = 32k+1 and
m = 3k . The m in Ward’s paper therefore corresponds to 3m in our notations.
The number and lengths of the conjugacy classes of U , as well as the number and
degrees of the irreducible characters of U and B can be found in [6]. However, in order to
obtain the values we need, we must compute some details Eaton does not give about the
irreducible characters of B . We therefore compute again everything explicitly.
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4.2.1. Conjugation in U , centralizers
We see from the formula for multiplication in U that the identity element of U is
x(0,0,0), and that, since the center Z(U) of U has order q , it can be identified with
{x(0,0, v), v ∈ Fq}. We also obtain informations about the order of elements: x(t, u, v)2 =
x(−t,−u − t3θ+1,−v − tu) and x(t, u, v)3 = x(0,0,−t3θ+2), so that x(t, u, v)9 = 1,
and x(t, u, v) has order 3 if and only if t = 0. Moreover, as gcd(3m+1 − 1,3θ + 2) = 1,
we have {−t3θ+2, t ∈ F×q } = F×q , so that the cubes of the elements of order 9 of U are
Z(U) \ {1} = {x(0,0, v), v ∈ F×q }.
Furthermore, the inverse of an element x(t, u, v) of U is
x(t, u, v)−1 = x(−t,−u− t3θ+1,−v − tu+ t3θ+2).
Hence conjugation in U is given by
x(t1, u1, v1)x(t2, u2, v2)x(t1, u1, v1)
−1
= x(t2, u2 − t3θ2 t1 + t2t3θ1 , v2 − t2u1 + t1u2 + t22 t3θ1 − 2t3θ2 t21 + t3θ+12 t1
)
.
In particular, conjugation in U preserves the first “coordinate.”
Now take any t1, t2, u1, u2, v1, v2 ∈ Fq . Then x(t1, u1, v1)x(t2, u2, v2) = x(t2, u2, v2)×
x(t1, u1, v1) if and only if
⎧⎪⎨
⎪⎩
t1 + t2 = t2 + t1,
t1t
3θ
2 = t2t3θ1 ,
t2u1 − t1t3θ+12 + t21 t3θ2 = t1u2 − t2t3θ+11 + t22 t3θ1 .
(†)
Writing ω = t1t3θ2 = t2t3θ1 , we get that
(†) ⇔ t1(u2 − 2ω) = t2(u1 − 2ω). (†′)
If t1, u1 and v1 are now fixed, we can solve the above system of equations in t2, u2,
v2 ∈ Fq , and we eventually obtain:
• CU(x(0, u1 = 0, v1)) = {x(0, u2, v2); u2, v2 ∈ Fq} has order q2, and thus
ClU(x(0, u1 = 0, v1)) has length q .
• CU(x(t = 0, u, v1)) = {x(0,0, v2), x(t, u, v2), x(−t,−t3θ+1 − u,v2); v2 ∈ Fq} has
order 3q , and ClU(x(t = 0, u, v1)) has length q2/3.
Using the formula for conjugation in U and the lengths we found, we see that,
given t, u, v ∈ Fq , ClU(x(0, u, v)) = {x(0, u, v + t1u); t1 ∈ Fq}, so that, if u = 0, then
ClU(x(0, u, v)) = {x(0, u, v2); v2 ∈ Fq}, giving us q − 1 such classes, uniquely deter-
mined by u.
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then ClU(x(t, u, v)) ⊃ {x(t, u, v2), v2 ∈ Fq}. Hence, by conjugation, the first coordinate
is fixed and the last can be changed to any one without modifying the second one; we
obtain that x(t, u2, v2) ∈ ClU(x(t, u, v)) if and only if there exists t2 ∈ Fq such that u2 =
u − t2t3θ + t t3θ2 . We can show that there are q/3 such u2’s. Indeed, take any t2, t3 ∈ Fq ,
and the associated u2 and u3. Then,
u2 = u3 ⇔ t t3θ2 − t2t3θ = t t3θ3 − t3t3θ
⇔ t(t3θ2 − t3θ3
)= (t2 − t3)t3θ
⇔ t (t2 − t3)3θ = (t2 − t3)t3θ
(this last equivalence being true since the characteristic is 3 and (−1)3θ = −1). And this
has 3 solutions, t2 − t3 ∈ {0,±t}. Hence we obtain |Fq |/3 = q/3 distinct values for u2.
Thus, we get
ClU
(
x(t = 0, u, v))= {x(t, u− t2t3θ + t t3θ2 , v2
)
, t2, v2 ∈ Fq
}
,
giving us 3(q − 1) such classes, determined by t and 3 distinct values u1, u2, u3 ∈ Fq .
This gives us the whole of U :
• q classes of length 1, type x(0,0, v), parametrized by v ∈ Fq ,
• q − 1 classes of length q , type x(0, u = 0, v), parametrized by u ∈ F×q ,
• 3(q − 1) classes of length q2/3, type x(t = 0, u, v), parametrized by t ∈ F×q and 3 val-
ues of u ∈ Fq .
Thus U has 5q − 4 conjugacy classes.
4.2.2. H -conjugacy classes of U
First, recall that, for any t, u, v,w ∈ Fq , w = 0,
h(w)x(t, u, v)h(w)−1 = x(w2−3θ t,w3θ−1u,wv),
so that conjugation by elements of H preserves the three types of conjugacy classes of U
we just described.
Now, H acts by conjugation on the conjugacy classes of U . We find the number and
sizes of the orbits under this action.
• Take v ∈ Fq . If v = 0, then {wv, w ∈ F×q } = F×q , so that we get two H -orbits:
{x(0,0,0)} and Z(U) \ {1} = {x(0,0, v); v ∈ F×q }.
• Take u ∈ F×q and w ∈ F×q . Then
h(w)ClU
(
x(0, u, v)
)
h(w)−1 = ClU
(
x(0, u, v)
) ⇔ w3θ−1u = u
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(q − 1)/2.
• Take t ∈ F×q and w ∈ F×q . Then
h(w)ClU
(
x(t, u, v)
)
h(w)−1 = ClU
(
x(t, u, v)
) ⇒ w2−3θ t = t.
Now w2−3θ t = t ⇔ w3θ−2 = 1 ⇔ w3m+1−2 = 1. However, we can see that
gcd(32m+1 − 1,3m+1 − 2) = 1, and thus w3m+1−2 = 1 has a unique solution w ∈ Fq
(w = 1). This gives us three H -orbits, of size q − 1.
Finally, there are 7 H -orbits on the conjugacy classes of U .
4.3. Irreducible characters of U
4.3.1. Actions of B
If L = U or Z(U), then L  B , and B acts by conjugation on the conjugacy classes of
L (via xb = b−1xb) and on Irr(L) (via χb(x) = χ(bxb−1)). Corollary 11.10 in [5] implies
that the number of orbits in these two actions are the same. Furthermore, since U is normal
in B = UH and U acts trivially on the conjugacy classes of Z(U) and of U , the B-orbits
in these actions are in fact the H -orbits. The study of H -orbits we made before shows that
there are 2 H -orbits in Z(U), and thus in Irr(Z(U)), and 7 H -orbits in Cl(U), and thus in
Irr(U).
4.3.2. Induction from Z(U) to U
We write C = Z(U). Since {1C} is clearly one H -orbit of Irr(C), we see that H must
act transitively on Irr(C) \ {1C}, and Clifford’s theorem gives us an injective application
Irr(C) → Irr(U),
βi 	→ χ s.t.
〈
IndUC (βi),χ
〉
U
= 0
where Irr(C) = {β1 = 1C, β2, . . . , βq}. Furthermore, since |H | = | Irr(C) \ {1C}|, we have,
as in Suzuki groups,
∣∣Irr(U)∣∣= ∣∣{Irred. summ. of IndUC (1C)
}∣∣+ (q − 1)k
where k is the (common) number of irreducible summands of any IndUC (βi), i  2.
We can write IndUC (1C) =
∑
χ∈I1⊂ Irr(U) χ(1)χ . Now 1U appears with multiplicity 1 in
IndUC (1C), and so does any linear irreducible summand of Ind
U
C (1C). Since Ind
U
C (1C)(1) =
[U : C] = q2 is a power of 3, and since any nonlinear irreducible summand of IndUC (1C) has
degree a non-trivial power of 3, we see that there must be (at least) 2 other linear irreducible
summands in IndUC (1C), α and β say. Supposing some Ind
U
C (βi) (βi = 1C ) has a linear
irreducible summand, we would get an orbit of q − 1 distinct linear irreducible characters
of U , all distinct from 1U , α and β (since, by Clifford, 1U |C = α|C = β|C = 1C ), giving
us q + 2 linear irreducible characters of U . This is a contradiction, since [U : U ′] = q .
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and nowhere else. Writing IndUC (1C) =
∑q
i=1 λi +
∑
i∈I χi(1)χi , where the λi ’s are linear,
we have | Irr(U)| = 5q − 4 = q + |I | + (q − 1)k. Thus 4q − 4 = |I | + (q − 1)k, and k  4.
k = 4 implies I = ∅ and IndUC (1C) =
∑q
i=1 λi , which is impossible since the left has
degree q2 and the right has degree q .
Suppose k = 2. Then we can write (using Clifford) IndUC (β2) = χ(1)χ + ψ(1)ψ and
(degrees) 32a = q2 = χ(1)2 + ψ(1)2 = 32b + 32c. Then b = c implies 2|32a , which is
impossible, and b < c implies 32a = 32b(1 + 32(c−b)), which is even, so this is impossible
too.
Suppose k = 3. Then, q2 = χ(1)2 +ψ(1)2 +η(1)2, which can similarly be shown to be
impossible.
We deduce that k = 1. Hence there exist ψ2, . . . ,ψq ∈ Irr(U) such that
IndUC (βi) = ψi(1)ψi for i = 2, . . . , q
and thus ψi(1) = q for i = 2, . . . , q .
Furthermore, |I | = 3q − 3, IndUC (1C) =
∑q
i=1 λi +
∑3q−3
i=1 χi(1)χi , and, by Clifford’s
theorem, the χi ’s have C = Z(U) in their kernel, so are in fact irreducible characters of the
quotient U/Z(U).
4.3.3. The quotient V = U/Z(U)
From the central series {1} Z(U)U ′ U , we see that V = U/Z(U) has order q2, and
has a normal Abelian subgroup (U ′/Z(U)) of order q such that the corresponding quotient
is Abelian of order q .
We have seen that Z(U) = {x(0,0, v), v ∈ Fq}, and, from the formula for multiplication
in U , we see that U/Z(U) can be parametrized by {y(t, u), t, u ∈ Fq}, where multiplica-
tion is given by
y(t1, u1)y(t2, u2) = y
(
t1 + t2, u1 + u2 − t1t3θ2
)
.
We have 1U/Z(U) = y(0,0), y(t, u)−1 = y(−t,−u− t3θ+1), and
y(t1, u1)y(t2, u2)y(t1, u1)
−1 = y(t2, u2 − t1t3θ2 + t2t3θ1
)
.
From the results in U , we see that the conjugacy classes of V are as follows:
• {y(0,0)},
• q − 1 classes of length 1: {y(0, u)}, u ∈ F×q ,
• 3(q − 1) classes of length q/3, of type y(t, u) for t ∈ F×q and 3 values of u ∈ Fq .
The subgroup W = {y(0, u), u ∈ Fq} is both the center and the derived group of V . Thus
V has q linear irreducible characters and 3q − 3 nonlinear irreducible characters, the ones
we are looking for, χ1, . . . , χ3q−3. As V has odd order q2, each non-trivial irreducible
character of V is nonreal. Furthermore, by Clifford’s theorem, every irreducible character
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Irreducible characters of W = Z(V )
We have V = U/Z(U)  B/Z(U) = (U/Z(U))H . Thus B/Z(U) acts by conjugation
on Z(V ) = W , and this action reduces to an action of H . From the study of H -classes
of U , we see that there are 3 orbits under this action, giving us 3 orbits under the derived
action of B/Z(U) on Irr(W) = {γ1 = 1W,γ2, . . . , γq}, where the γi ’s are linear. Since
{1W } is one H -orbit, {γ2, . . . , γq} must be a union of 2 H -orbits. Now the length of an
orbit divides the order of H , that is q − 1, and this forces each of these 2 orbits to have
length (q − 1)/2.
Now q − 1 ≡ (−1)2m+1 − 1 ≡ −2 (mod 4), so that (q − 1)/2 is odd. Moreover, W has
odd order q . Thus the only real irreducible character of W is 1W , and γi = γi for all
i = 2, . . . , q . Supposing that γ2 belongs to the same H -orbit as γ2, γ2 = γ h2 say, and taking
any γi in this orbit, it is easy to see (using the definitions of the actions of H ) that then
γ hi = γi , so that γi belongs to the same H -orbit. The orbit of γ2 would then have even
length, which is a contradiction. This shows that, up to relabeling the γi ’s, the H -orbits of
Irr(W) are {1W }, {γ2, . . . , γ(q+1)/2} and {γ2, . . . , γ(q+1)/2}.
Induction from W to V
If γi and γj belong to the same H -orbit of Irr(W), then IndVW (γi) and Ind
V
W (γj ) have
the same number of irreducible components, with the same degrees (that is, we can build a
bijection preserving the degree between the sets of irreducible components of IndVW (γi) and
IndVW (γj )). Furthermore, complex conjugation gives the same kind of bijection between
irreducible components of IndVW (γi) and Ind
V
W (γi), whence all the Ind
V
W (γi)’s, 2 i  q ,
have the same number of irreducible components, with the same degrees. Moreover, the
subsets of Irr(V ) obtained in this way are disjoint.
Now 1V appears with multiplicity 1 in IndVW (1W), which has degree q . Hence at least
two other linear characters of V must appear (each with multiplicity 1). Supposing a linear
character appears in some IndVW (γi), i  2, we would get one in each IndVW (γj ), j  2,
giving us (at least) q + 2 distinct linear characters of V , which is impossible. Hence each
linear character of V appears in IndVW (1W) and nowhere else. Comparing degrees, we
see that IndVW (1W) =
∑q
i=1 μi , where the μi ’s are (all) the irreducible linear characters
of V . Writing k′ the number of irreducible components of any IndVW (γi), i  2, we have| Irr(V )| = 4q − 3 = q + k′(q − 1), so that k′ = 3.
Writing IndVW (γ2) = χ1(1)χ1 + χ2(1)χ2 + χ3(1)χ3, we obtain q = 32m+1 = χ1(1)2 +
χ2(1)2 + χ3(1)2, which implies χ1(1) = χ2(1) = χ3(1) = 3m.
Finally, V has q linear irreducible characters, and 3q − 3 irreducible characters of de-
gree 3m.
4.3.4. Irreducible characters of U
We summarize the results we obtained so far about the character table of U . By conven-
tion, in character tables, we will take the first line to correspond to the values on 1, and the
first column to correspond to the trivial character.
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Irr(U/U ′)
degree 1
ψ2, . . . ,ψq
degree q
x(0,0, v), v ∈ Fq
length 1
order 3
1
qψi = IndUZ(U)(βi)
βi ∈ Irr(Z(U)) \ {1Z(U)}
Z(U) ∼= (Fq,+)
x(0, u, v), u ∈ F×q
length q
order 3
1 0
x(t, ui, v), t ∈ F×q ,
i = 1,2,3
length q2/3
order 9
three times each non-first
line of the character table
of U/U ′. Same line iff same t
U/U ′ = {x(t); t ∈ Fq}
U/U ′ ∼= (Fq,+)
0
χ1, . . . , χ3q−3
irreducible characters of U/Z(U)
degree 3m
x(0,0, v), v ∈ Fq
length 1
order 3
3m
x(0, u, v), u ∈ F×q
length q
order 3
3m.
⎛
⎜⎜⎜⎜⎝
three times each non-first column of the
character table of W = Z(U/Z(U))
Same column iff χi,χj belong
to the same IndVW (γk)
W = {x(0, u); u ∈ Fq} ∼= (Fq,+)
⎞
⎟⎟⎟⎟⎠
x(t, ui, v), t ∈ F×q , i = 1,2,3
length q2/3
order 9
???????
4.3.5. H -orbits of Irr(U)
We have seen that there are two orbits in the actions of H by conjugation on Irr(Z(U))
and Z(U). The orbits of Irr(Z(U)) must be {1Z(U)} and {β2, . . . , βq}. Now H acts by
conjugation on Irr(U) and on Cl(U), and the underlying action on ClU(Z(U)) = Z(U) is
the one before. Via Clifford’s theorem, we have that
〈
ψ, IndUZ(U)(βi)
〉
U
= 0 ⇔ 〈ψh, IndUZ(U)
(
βhi
)〉
U
= 0
(indeed, both are equal to 〈ψ |Z(U), βi〉Z(U) = 〈ψh|Z(U), βhi 〉Z(U) = ψ(1) = ψh(1)). As
IndUZ(U)(βi) = qψi for each i = 2, . . . , q , we see that the ψi ’s form one H -orbit of Irr(U).{1U } is another one. However, we know that Irr(U) has 7 H -orbits. Thus {λ2, . . . , λq,
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gree under the action of H , {λi; i  2} and {χi; i = 1, . . . ,3q − 3} are unions of H -orbits.
Now the χi ’s are characters of V = U/Z(U). They are all nonreal, and can be writ-
ten as {χ1, . . . , χ(3q−3)/2, χ1, . . . , χ(3q−3)/2}, the separation between the χi ’s and the χi ’s
corresponding to the one we introduced between the γi ’s and the γi ’s, respectively. For
γi ∈ Irr(Z(V )), i  2, and χ ∈ Irr(V ), we have
〈
χ, IndVZ(V )(γi)
〉
V
= 〈χ, IndVZ(V )(γi)
〉
V
.
Since {γ2, . . . , γ(q+1)/2} and {γ2, . . . , γ(q+1)/2} are two H -orbits, this shows that χ and χ
have distinct orbits. Furthermore, for χ,ψ ∈ Irr(V ) and h ∈ H , we have
〈
χh,ψh
〉
V
= 〈χ,ψ〉V = 〈χ,ψ〉V =
〈
χh,ψh
〉
V
and χh = χh. Hence the orbits of χ and χ have the same length and consist of 2 by
2 conjugate characters. Moreover, since 〈χh|Z(V ), γ hi 〉Z(V ) = 〈χ |Z(V ), γi〉Z(V ), we see that{χ1, . . . , χ(3q−3)/2} and {χ1, . . . , χ(3q−3)/2} are unions of H -orbits, and that there is a bijec-
tion preserving the length between the two corresponding sets of orbits (namely, complex
conjugation). Moreover, the orbits have size at least (q − 1)/2, which is the size of γHi .
This shows that {χi; i = 1, . . . ,3q−3} is a union of an even number of H -orbits, which
is strictly less than 5, and must therefore be 2 or 4. If it were 2, these orbits would have
length (3q−3)/2 > q−1 = |H |, which is impossible. Thus, there are 4 orbits, of 2 lengths
l and l′, and we can write 3q − 3 = 2l + 2l′, with l, l′  (q − 1)/2. Also l, l′ | |H | = q − 1,
so that l, l′ ∈ {(q − 1)/2, q − 1}, and this implies that l = (q − 1)/2 say, and l′ = q − 1.
Finally, the λi ’s must form one H -orbit, and, relabeling the χi ’s, we have the following 7
H -orbits of Irr(U):
{1U }, {λ2, . . . , λq}, {ψ2, . . . ,ψq},
{
χi,j ; i = 1,2, 1 j  (q − 1)/2
}
,
{
χ3,j ; 1 j  (q − 1)/2
}
,
{
χi,j ; i = 1,2, 1 j  (q − 1)/2
}
,
{
χ3,j ; 1 j  (q − 1)/2
}
,
where IndVZ(V )(γj+1) = 3m(χ1,j + χ2,j + χ3,j ) for 1 j  (q − 1)/2.
4.4. Irreducible characters of B = NG(U)
4.4.1. Clifford’s theory
The following description of Clifford’s theory can be found in Isaacs [8]. Recall that B
acts on Irr(U) like H does. Take any η ∈ Irr(B). If, for some χ ∈ Irr(U), 〈η, IndBU(χ)〉B =〈η|U ,χ〉U = 0, then η|U = e∑ti=1 χhi , where e = 〈η|U ,χ〉U , t = [B : IB(χ)] with IB(χ)
the inertial subgroup of χ , and {χhi ; i = 1, . . . , t} is the H -orbit of χ .
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∑
i∈I eiμi , with μi ∈ Irr(B) for i ∈ I
and μi = μj if i = j ∈ I (and thus, as above, μi |U = ei∑hj θhj ). Writing T = IB(θ), we
then have
IndTU (θ) =
∑
i∈I
eiνi , with 0 = ei ∈ N and νi ∈ Irr(T );
moreover, for i ∈ I , μi = IndBT (νi) and thus μi(1) = [B : T ]νi(1).
To study the ei ’s, it suffices to restrict our attention to T = IB(θ), U  T and θ is
T -invariant. We have
IndTU (θ) =
∑
i∈I
eiνi and νi |U = eiθ
(since the T -orbit of θ is just {θ}). Hence νi(1) = eiθ(1), and
[T : U ]θ(1) = IndTU (θ)(1) =
∑
i∈I
eiνi(1) =
∑
i∈I
e2i θ(1).
Thus
∑
i∈I e2i = [T : U ].
4.4.2. Irreducible characters of B
We now apply the previous results to the irreducible characters of U , and obtain all the
irreducible characters of B .
If θ ∈ {λ2, . . . , λq,ψ2, . . . ,ψq,χ1,j , χ2,j , χ1,j , χ2,j }, then the H -orbit of θ has length
q − 1 = |H |, so that IH (θ) = {1} and IB(θ) = U . Hence IndBU(θ) is irreducible, of degree
(q − 1)θ(1).
If θ ∈ {χ3,j , χ3,j ; 1  j  (q − 1)/2}, then the H -orbit of θ has length (q − 1)/2, so
that |IH (θ)| = 2, and thus IH (θ) = 〈J 〉 where J is the involution of H , and T = IB(θ) =
U 〈J 〉. Hence IndTU (θ) =
∑
i∈I eiνi and
∑
i∈I e2i = [T : U ] = 2, so that |I | = 2 and e1 =
e2 = 1. Thus IndTU (θ) is the sum of two irreducible characters ν1 and ν2 of T , each with
multiplicity 1, and of same degree as θ . Then IndBU(θ) = μ1 + μ2, with μ1,μ2 ∈ Irr(B)
distinct, and μ1(1) = μ2(1) = [B : T ]ν1,2(1) = θ(1)(q − 1)/2.
Furthermore, two characters of the same H -orbit of Irr(U) give the same induced char-
acter of B (and thus the same subset or Irr(B)), and two distinct orbits give two disjoint
subsets of Irr(B). We obtain
Irr(U) Irr(B),
{λ2, . . . , λq} → λ, degree q − 1,
{ψ2, . . . ,ψq} → ψ, degree (q − 1)q,{
χi,j ; i = 1,2, 1 j  q−12
} → χ, degree (q − 1)3m,{
χi,j ; i = 1,2, 1 j  q−12
} → χ, degree (q − 1)3m,{
χ3,j ; 1 j  q−12
} → μ1,μ2, degree q−12 3m,{
χ ; 1 j  q−1} → μ , μ , degree q−1 3m.3,j 2 1 2 2
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π ◦ α˜i , where π :B = UH → H is the natural homomorphism and Irr(H) = {α˜i; 1 i 
q−1}. Each of the αi ’s appears with multiplicity 1 in IndBU(1U), and, since IndBU(1U)(1) =
q−1, we have IndBU(1U) =
∑q−1
i=1 αi , and the αi ’s are the only linear irreducible characters
of B .
4.4.3. Values on elements of order 9
From the results on H -classes of U , we see that there are three classes of elements of
order 9 (of type x(t = 0, ui, v)) in B . We take representatives x1, x2 and x3, and we want
the values of Irr(B) on the xi ’s.
The αi ’s are lifted from H , so have U in their kernel, so that αi(xj ) = 1 for all i =
1, . . . , q − 1, j = 1,2,3.
We have ψ |U = ∑qi=2 ψi , and the ψi ’s are 0 on U \ Z(U). Thus ψ(xj ) = 0 for all
j = 1,2,3.
We have λ|U =∑qi=2 λi . For each j = 1,2,3, using the fragment of the character table
of U we found, the second orthogonality relation applied (in U/U ′) to xj and 1 gives∑q
i=1 λi(xj )λi(1) = 0, and λi(1) = 1 for all i, so that λ(xj ) = −λ1(xj ) = −1. (Note that
this does not depend on the U -conjugacy class in which we took xj .)
Now we have (χ +μ1)|U =∑(q−1)/2k=1 (χ1,k +χ2,k +χ3,k), a character of U/Z(U), and
3m(χ +μ1)|U/Z(U) =
(q−1)/2∑
k=1
3m(χ1,k + χ2,k + χ3,k) =
(q−1)/2∑
k=1
IndU/Z(U)W (γk+1),
where Irr(W) = {γ1 = 1W,γ2, . . . , γq}, and, since W = Z(U/Z(U)), 3m(χ + μ1)|U ≡ 0
on (U/Z(U)) \W . Hence (χ +μ1)(xj ) = 0 for j = 1,2,3. Since μ1|U = μ2|U , we have,
for some a, b, c ∈ C,
χ μ1,μ2 χ μ1,μ2 α1, . . . , αq−1 λ ψ
x1 a −a a¯ −a¯ 1 −1 0
x2 b −b b¯ −b¯ 1 −1 0
x3 c −c c¯ −c¯ 1 −1 0
The second orthogonality relation applied to each line gives, since |CB(xi)| = 3q , |a| =
|b| = |c| = 3m.
Now we have, for any t, u, v ∈ Fq , h(−1)x(t, u, v)h(−1)−1 = x(−t, u,−v). If we
take u = t = 1, then x(t, u, v)−1 = x(−1,1,−v) = x(−t, u,−v). Hence x(1,1, v) and
x(1,1, v)−1 are conjugate in B , to x1 say. Thus a is real, and a = ±3m.
Now the second orthogonality relation applied to the first and second line and to the first
and third line gives that Re(b) = Re(c) = ∓3m/2. Together with |b| = |c| = 3m, this gives
us that b, c /∈ R, so that c = b¯ (and x−12 is conjugate to x3), and, writing ω = e2iπ/3, we
have b3−m ∈ {ω, ω¯,−ω,−ω¯}. Hence, we see that, up to exchanging χ and χ (and thus μi
and μi ), or x2 and x3, there exists ε ∈ {±1} such that a = ε3m, b = ε3mω¯ and c = ε3mω.
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Since the Sylow 3-subgroup U of G is disjoint from its conjugates, the 3-blocks of
G have either full defect or defect 0. Furthermore, we have seen that the elements of
Z(U) \ {1} form one H -orbit. Since H = q − 1 = |Z(U) \ {1}|, this shows that each el-
ement of Z(U) \ {1} is centralized by no non-identity element of H . Thus we get that,
for z ∈ Z(U) \ {1}, CB(z) = U , so that CB(U)U , and, as U = O3(B), B has only one
3-block, the principal one b0. This implies that G has only one block B0 of maximal defect.
Since G has only one character ξ3 of defect 0, we get b0 = Irr(B) and B0 = Irr(G) \ {ξ3}.
In particular, we see that |B0| = |b0| = q + 7.
In G, the only elements of order divisible by 9 have order precisely 9. Hence the same
must be true in B . We have representatives for the 9-singular classes Y , YT and YT −1 in G,
and x1, x2 and x3 in B . We have already seen that |CB(xi)| = 3q for i = 1,2,3. Using the
character table of G in Ward [12], we find that |CG(Y )| = |CG(YT )| = |CG(YT −1)| = 3q .
Here again, it is thus sufficient to find a bijection with signs between B0 and b0 which
preserves the values of characters on 9-singular elements.
We have the following fragments of character table for B0 (cf. Ward [12]) and b0:
ξ4 ξ1, ξ2, ηr , η′r ηt , η′t , η−i , η
+
i ξ5, ξ6 ξ7, ξ8 ξ9 ξ10
Y 0 1 −1 3m 3m −3m −3m
YT 0 1 −1 3mω¯ 3mω −3mω¯ −3mω
YT −1 0 1 −1 3mω 3mω¯ −3mω −3mω¯
(where the numbers of exceptional characters are |{ηr , η′r}| = (q − 3)/2 and
|{ηt , η′t , η−i , η+i }| = (q − 1)/2)
ψ α1, . . . , αq−1 λ μ1,μ2 μ1,μ2 χ χ
x1 0 1 −1 −ε3m −ε3m ε3m ε3m
x2 0 1 −1 −ε3mω¯ −ε3mω ε3mω¯ ε3mω
x3 0 1 −1 −ε3mω −ε3mω¯ ε3mω ε3mω¯
It is then easy to see that there is a generalized perfect isometry between B0 and b0: list-
ing the irreducible characters of B0 and b0 in the same order as in the above tables, and
relabeling them so that Irr(B0) = {Ξ1, . . . ,Ξq+7} and Irr(b0) = {X1, . . . ,Xq+7}, then the
following is a generalized perfect isometry between B0 and b0:
I :Ξi 	→ εiXi, i = 1, . . . , q + 7,
where εi = −1 if Xi ∈ {α(q+3)/2, . . . , αq−1}, εi = −ε if Xi ∈ {μ1,μ2,μ1,μ2, χ,χ}, and
εi = 1 otherwise.
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